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Abstract
We study the spectral radius of connected non-regular graphs. Let λ1(n,Δ) be the maximum spectral
radius among all connected non-regular graphs with n vertices and maximum degree Δ. We prove that
Δ− λ1(n,Δ) = Θ(Δ/n2). This improves two recent results by Stevanovic´ and Zhang, respectively.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let G = (V ,E) be a simple graph with vertex set V and edge set E, where |V | = n. The
eigenvalues of the adjacency matrix A of G are called the eigenvalues of G. Since A is symmet-
ric, all eigenvalues of G are real. We order the eigenvalues of G as follows: λ1  λ2  · · · λn.
The largest eigenvalue λ1 is called the spectral radius of G. Since all eigenvalues of G can be
found by computing the eigenvalues of each component of G, we assume throughout the paper
that G is connected. Thus by the Perron–Frobenius theorem λ1 > λi for all i  2. For any ver-
tex u, let Γ (u) be the set of all neighbors of u and let d(u) = |Γ (u)| be the degree of u. The
maximum degree of G is denoted by Δ. A graph is called regular if d(u) = Δ for all vertices u. It
is easy to see that the spectral radius of a regular graph is Δ with (1,1, . . . ,1)T as a correspond-
ing eigenvector. Recently, Stevanovic´ [8] studied the spectral radius of connected non-regular
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among all connected non-regular graphs with n vertices and maximum degree Δ. Stevanovic´ [8]
showed that
Δ− λ1(n,Δ) 12n(nΔ− 1)Δ2 ∼
1
2n2Δ3
.
This bound was later improved by Zhang [9] as follows:
Δ− λ1(n,Δ) 2Δ− 1 − 2
√
Δ(Δ− 1)
n(n− 1)Δ ∼
1
4n2Δ2
.
In this paper, we prove that
Δ+ 1
n(3n+ 2Δ− 4) Δ− λ1(n,Δ)
π2(Δ− 1)
n/(Δ+ 1)2(Δ+ 1)2 −O
(
Δ2
(n−Δ)3
)
.
Thus the exact order of magnitude for Δ− λ1(n,Δ) is found:
Δ− λ1(n,Δ) = Θ
(
Δ
n2
)
.
The lower bound on Δ − λ1(n,Δ) is obtained by studying the diameter property of connected
non-regular graphs with n vertices and maximum degree Δ that have the maximum spectral
radius. We believe that further improvement can be made by studying some other properties (such
as connectivity, degree sequence) of these extremal graphs. The upper bound on Δ− λ1(n,Δ) is
obtained by estimating the spectral radius of a particular graph defined in Example 1. Finally we
conjecture that, for each fixed Δ,
lim
n→∞
n2(Δ− λ1(n,Δ))
Δ− 1 = π
2,
if the limit does exist.
2. Some preparation
This following lemma is a part of the standard folklore in spectral graph theory (see [4], for
example). We include the proof to be self-contained.
Lemma 1. Let x = (x1, . . . , xn)T ∈ 	n with ||x|| = (x21 + · · · + x2n)1/2 = 1. Then for any con-
nected graph G,
λ1  2
∑
ij∈E
xixj
with equality iff x is an eigenvector corresponding to λ1.
Proof. Since A is symmetric, A has orthonormal eigenvectors {v1, . . . , vn} such that Avi = λivi
for 1  i  n. Then for each x = (x1, . . . , xn)T , there are constants c1, . . . , cn such that x =
c1v1 + · · · + cnvn with c21 + · · · + c2n = ‖x‖2 = 1. Thus
2
∑
ij∈E
xixj = xT Ax =
∑
i,j
civ
T
i Acjvj =
∑
i,j
cicjλj v
T
i vj =
∑
i
c2i λi  λ1
∑
i
c2i = λ1
with equality iff c1 = ±1; that is, x = ±v1. 
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Perron–Frobenius theory states that a unit eigenvector x = (x1, . . . , xn)T corresponding to λ1
can be found with the property that all xi ’s are positive. Consequently, by Lemma 1,
λ1(G+ uv) 2
∑
ij∈E
xixj + 2xuxv > 2
∑
ij∈E
xixj = λ1(G)
for any uv /∈ E.
A connected non-regular graph G is called λ1-extremal if λ1(G) λ1(G′) for any other con-
nected non-regular graph G′ with the same number of vertices and maximum degree as G. To
obtain good estimates for Δ − λ1, we study the structure of λ1-extremal graphs. The following
diameter property of λ1-extremal graphs is useful in Theorem 2.
Theorem 1. Let G be a connected non-regular λ1-extremal graph on n vertices with maximum
degree Δ and diameter D. Then
D  3n+Δ− 5
Δ+ 1
with equality iff G is a path.
Proof. Since G is non-regular, we have D  2. If Δ = 2, then G is a path and the theorem
holds trivially. Now suppose Δ  3. Define V<Δ = {u: d(u) < Δ} and VΔ = {u: d(u) = Δ}.
Let u,v be vertices at distance D and let P :u = u0 ↔ u1 ↔ ·· · ↔ uD = v be a shortest path
connecting u and v. We observe that |V (P ) ∩ V<Δ|  2. To see this, assume otherwise that
{up,uq,ur} ⊆ V (P ) ∩ V<Δ with p < q < r . Then upur /∈ E(G) since P is a shortest path
connecting u and v. Let G′ = G + upur . Then G′ is still non-regular with maximum degree Δ.
By the discussion following Lemma 1, λ1(G) < λ1(G′), contradicting the choice of G. Suppose
now |V (P )∩ V<Δ| = 1 or 2. (The proof for the case V (P )∩ V<Δ = ∅ is similar to the proof for
Case 2 below.)
Case 1. Either V (P ) ∩ V<Δ = {up,uq} with q = p + 1 or V (P ) ∩ V<Δ = {up}. Define S =
{i: i ≡ 0 mod 3 and i < p} ∪ {i: i ≡ D mod 3 and p + 1 < i  D}. Then |S| = p/3 +
(D − p − 1)/3 (D − 1)/3. Let d(ui, uj ) denote the distance between ui and uj . Since P
is a shortest path connecting u and v, we have d(ui, uj ) 3 and thus Γ (ui)∩Γ (uj ) = ∅ for any
distinct i, j ∈ S. Note that, for ui ∈ V (P ),∣∣Γ (ui)− V (P )∣∣=
{
Δ− 1 if i = 0 or D,
Δ− 2 otherwise.
Also note that |{p,p + 1} ∩ {0,D}| 1 since D  2. Thus
n
∣∣V (P )∣∣+∑
i∈S
∣∣Γ (ui)− V (P )∣∣D + 1 + (Δ− 1)+ (|S| − 1)(Δ− 2)
D +Δ+
(
D − 1
3
− 1
)
(Δ− 2) = D(Δ+ 1)−Δ+ 8
3
.
Case 2. V (P )∩ V<Δ = {up,uq} with q > p + 1. Then d(up) = d(uq) = Δ− 1 since otherwise
G′ = G + upuq would be a non-regular graph with maximum degree Δ and λ1(G′) > λ1(G),
contradicting the choice of G. Define T = {i: i ≡ 0 mod 3 and i D − 3} ∪ {D}. Then |T | =
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ui ∈ V (P ),
∣∣Γ (ui)− V (P )∣∣=
⎧⎨
⎩
Δ− 1 if i ∈ {0,D} − {p,q},
Δ− 3 if i ∈ {p,q} − {0,D},
Δ− 2 otherwise.
Since |{0,D} − {p,q}| = |{p,q} − {0,D}| and |{0,D} ∩ T | = 2 |{p,q} ∩ T |, the average size
of |Γ (ui)− V (P )|, where i ∈ T , is at least Δ− 2. Thus
n
∣∣V (P )∣∣+∑
i∈T
∣∣Γ (ui)− V (P )∣∣D + 1 + |T |(Δ− 2)
D + 1 + (D + 1)(Δ− 2)
3
= (D + 1)(Δ+ 1)
3
.
Combining the above two cases, we have n > (D(Δ+1)−Δ+5)/3 since Δ 3, from which
Theorem 1 follows. 
Remark. We want to mention again the following fact which may be useful in the sequel. If
a connected graph G is λ1-extremal, then V<Δ induces a complete graph unless |V<Δ| = 2 and
both vertices in V<Δ have degree Δ−1 in which case adding an edge connecting the two vertices
of V<Δ to G would make it regular.
3. Main results
Theorem 2. For any connected non-regular graph G on n vertices with maximum degree Δ,
Δ− λ1  Δ+ 1
n(3n+ 2Δ− 4) .
Proof. We may assume G is λ1-extremal. Following the footprints of Stevanovic´ [8], let x =
(x1, . . . , xn)T be the unit eigenvector corresponding to λ1 with ‖x‖ = x21 + · · · + x2n = 1. Let
di be the degree of the vertex i corresponding to xi . Let u and v be the vertices satisfying
xu = maxi xi and xv = mini xi , respectively. Thus
x2u  ‖x‖/n = 1/n.
By Lemma 1,
Δ−λ1 =
∑
dix
2
i − 2
∑
ij∈E(G)
xixj +
∑
(Δ− di)x2i
=
∑
ij∈E(G)
(xi − xj )2 +
∑
(Δ− di)x2i

∑
ij∈E(G)
(xi − xj )2 + x2v
∑
(Δ− di)
∑
ij∈E(G)
(xi − xj )2 + x2v ,
where the last inequality holds since G is non-regular. (Both [8,9] missed this inequality.) Let P
be a shortest path of length d connecting u and v. By Theorem 1,
d  (3n+Δ− 5)/(Δ+ 1).
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∑
ij∈E(G)
(xi − xj )2 
∑
ij∈E(P )
(xi − xj )2  1
d
( ∑
ij∈E(P )
(xi − xj )
)2
= (xu − xv)
2
d
.
Thus
Δ− λ1  (xu − xv)
2
d
+ x2v 
x2u
d + 1 
1
n(d + 1) 
Δ+ 1
n(3n+ 2Δ− 4) ,
where the second inequality follows from minimizing the function (a − x)2/d + x2, and the last
inequality follows from Theorem 1. 
To show that Theorem 2 is asymptotically best possible (up to a constant factor), it suffices to
estimate λ1 for a graph, GΔ,t , defined below.
Example 1. Let n = t (Δ + 1), Δ 2, t  1. The vertex set of GΔ,t is defined by V = {xi : 1
i  t} ∪ {zi : 1  i  t} ∪ (⋃ti=1 Yi), where |Yi | = Δ − 1 for each i. The edges of GΔ,t are
defined as follows: each Yi induces a complete graph on Δ− 1 vertices; each xi is adjacent to all
vertices of Yi ∪ {zi−1} (define {z0} = ∅); each zi is adjacent to all vertices of Yi ∪ {xi+1} (define
{xt+1} = ∅). Thus GΔ,t is a non-regular graph with n vertices and maximum degree Δ.
Theorem 3. Let λ1 be the largest eigenvalue of the graph GΔ,t defined in Example 1. Then
Δ− λ1 = π
2(Δ− 1)
n2
−Θ
(
Δ2
n3
)
.
Proof. Let X = {xi : 1  i  t} and Z = {zi : 1  i  t}. We partition ⋃ti=1 Yi into Δ − 1
sets as follows: the Δ − 1 vertices of each Yi are equally distributed into Δ − 1 sets named
V1,V2, . . . , VΔ−1. Then the adjacency matrix of GΔ,t with respect to the block partition
{X,Z,V1, . . . , VΔ−1} is
A =
⎛
⎜⎜⎜⎜⎝
O N I · · · I
NT O I · · · I
I I O
. . .
...
...
...
. . .
. . . I
I I · · · I O
⎞
⎟⎟⎟⎟⎠ , where N =
(
0 0
It−1 0
)
and I is the identity matrix of order t . The characteristic polynomial of A is
φ(λ)
= det(λIn −A)
= det
⎛
⎜⎜⎜⎜⎝(λ+ 1)In −
⎛
⎜⎜⎜⎜⎝
I O N − I
I NT − I O
I O O
...
...
...
⎞
⎟⎟⎟⎟⎠
(
I I I · · · I
I O O · · · O
O I O · · · O
)⎞⎟⎟⎟⎟⎠
I O O
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⎛
⎜⎜⎜⎜⎝(λ+ 1)I3t −
(
I I I · · · I
I O O · · · O
O I O · · · O
)⎛⎜⎜⎜⎜⎝
I O N − I
I NT − I O
I O O
...
...
...
I O O
⎞
⎟⎟⎟⎟⎠
⎞
⎟⎟⎟⎟⎠
= (λ+ 1)n−3t det
(
(λ−Δ)I I −NT I −N
−I (λ+ 1)I I −N
−I I −NT (λ+ 1)I
)
= (λ+ 1)n−3t det
⎛
⎜⎜⎜⎜⎝
a b
b a b
. . .
. . .
. . .
b a b
b c
⎞
⎟⎟⎟⎟⎠
t×t
= (λ+ 1)n−3t (1 −Δ)t
(
sin(t + 1)θ
sin θ
+ λ+ 2 −Δ
1 −Δ ·
sin tθ
sin θ
)
= (λ+ 1)n−3t (Δ− 1)t
(
sin(t + 1)(π − θ)
sin(π − θ) +
λ+ 2 −Δ
Δ− 1 ·
sin t (π − θ)
sin(π − θ)
)
,
where a = a(λ) = (λ − Δ)(λ + 1)2 + 2(Δ − 1), b = 1 − Δ, c = a + λ + 2 − Δ, θ = θ(λ) =
arccos a2b , and the t × t tridiagonal matrix in the third last step reduces to (c) when t = 1. Since
a
2b
=
{
1 + (Δ−2)22(Δ−1)  1 if λ = Δ− 1,
−1 if λ = Δ,
by the intermediate value theorem, there exist λ′, λ′′ ∈ [Δ − 1,Δ] such that a(λ′)/(2b) =
− cos(π/t) and a(λ′′)/(2b) = − cos(π/(t + 1)). Thus π − θ(λ′) = π/t and π − θ(λ′′) =
π/(t + 1), from which we have
φ(λ) =
{
−(λ+ 1)n−3t (Δ− 1)t < 0 if λ = λ′,
(λ+ 1)n−3t (Δ− 1)t λ+2−Δ
Δ−1 > 0 if λ = λ′′.
By the intermediate value theorem again, there exists some λ′′′ ∈ (λ′, λ′′) ⊆ [Δ− 1,Δ] such that
φ(λ′′′) = 0. (Recall that λ′ < λ′′ since a(λ)/(2b) is decreasing for λ ∈ [Δ−1,Δ].) Since λ1  λ′′′
and π − θ(λ) is decreasing on [Δ− 1,Δ], we have π − θ(λ1) π − θ(λ′′′) < π − θ(λ′) = π/t .
On the other hand, since φ(λ) > 0 whenever π − θ(λ)  π/(t + 1), we have π − θ(λ1) >
π/(t + 1). Thus
π
t + 1 < π − θ(λ1) <
π
t
,
which implies
1 − cos π
t + 1 <
(λ1 + 1)2(Δ− λ1)
2(Δ− 1) < 1 − cos
π
t
and thus
Δ− λ1 = 2(Δ− 1)
(λ1 + 1)2
(
π2
2t2
−Θ
(
1
t3
))
.
Note that Δ − 2
n
< λ1 < Δ, where the first inequality follows from Lemma 1 with x =
1√ (1,1, . . . ,1)T . Thus
n
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(
1
(Δ+ 1)2 +Θ
(
1
Δ3n
))(
π2
2t2
−Θ
(
1
t3
))
= (Δ− 1)π
2
n2
−Θ
(
Δ2
n3
)
. 
Recall that λ1(n,Δ) = maxG λ1(G), where maximum is taken among all connected non-
regular graphs G with n vertices and maximum degree Δ. Then by the discussion following
Lemma 1, it is easy to see that λ1(n,Δ) is an increasing function with respect to both variables
n and Δ.
Corollary 1.
Δ− λ1(n,Δ) = Θ
(
Δ
n2
)
.
Proof. Let t = n/(Δ+ 1). Then n−Δ t (Δ+ 1) n. By the monotonicity of λ1(n,Δ) and
Theorem 3,
Δ− λ1(n,Δ)Δ− λ1
(
t (Δ+ 1),Δ)
Δ− λ1(GΔ,t ) = π
2(Δ− 1)
n/(Δ+ 1)2(Δ+ 1)2 −Θ
(
Δ2
(n−Δ)3
)
.
Then Corollary 1 follows from Theorem 2. 
The following corollary is a byproduct of Corollary 1. Let x = (x1, . . . , xn)T be a positive
eigenvector corresponding to the spectral radius of G. Define γ = maxi xi/mini xi . This ratio
has been examined in Refs. [5–7]. Recently, Zhang [9] found two lower bounds on γ for all
graphs. Now we study the ratio for connected non-regular λ1-extremal graphs. The following
corollary shows that, for non-regular λ1-extremal graphs with fixed maximum degree, the ratio
γ approaches to infinity when n does so.
Corollary 2. For any fixed Δ and any connected non-regular λ1-extremal graph G with n ver-
tices and maximum degree Δ,
γ = Ω
(
n
Δ
)
.
Proof. Let δ be the minimum degree and d¯ be the average degree of G. It is well known that
δ  d¯  λ1 Δ for any graph (not necessarily non-regular λ1-extremal graph). By [9, Theorem
2.2] and Corollary 1,
γ  (Δ− d¯)(λ1 − δ)
(Δ− λ1)(d¯ − δ)
 nΔ− nd¯
n(Δ− λ1) 
1
n(Δ− λ1) = Ω
(
n
Δ
)
,
where the third inequality holds since G is non-regular. 
Although Corollary 1 show that our bounds for Δ− λ1(n,Δ) is asymptotically best possible
up to a constant factor, still it is a challenge to find the exact coefficient for its major term Δ/n2.
It seems that Theorem 3 might have revealed the mystery face of Δ− λ1(n,Δ).
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All known λ1-extremal graphs
n Δ λ1-Extremal Small vertices κ λ1 Δ− λ1 Δ−1n2
graphs and degrees
5 3 Graph 1.17 One with Δ− 1 2.8558 0.1442 0.08
[3, p. 273] degree Δ− 1
6 3 Graph 65 [1] One with Δ− 2 2.895 0.105 0.0555
degree Δ− 2
6 4 Graph 14 [1] One with Δ− 2 3.820 0.180 0.0833
degree Δ− 2
7 3 Graph 10-261 One with Δ− 1 2.91072 0.08928 0.040816
[2, p. 193] degree Δ− 1
7 4 Graph 13-643 One with Δ− 2 3.85577 0.14423 0.061224
[2, p. 218] degree Δ− 2
7 5 Graph 17-835 One with Δ− 1 4.88090 0.11910 0.08163
[2, p. 231] degree Δ− 1
n n− 1 Kn − e Two with Δ− 1 n− 1 − 2n 2n −O( 1n2 )
1
n − 2n2 +O(
1
n2
)
in Example 2 degree Δ− 1
n 2 Pn [8, p. 145] Two with Δ− 1 2 cos πn+1 4 sin2 π2n+2 1n2
degree Δ− 1
Conjecture 1. For each fixed Δ, the limit of n2(Δ− λ1(n,Δ))/(Δ− 1) exists. Furthermore,
lim
n→∞
n2(Δ− λ1(n,Δ))
Δ− 1 = π
2.
4. Discussion on the conjecture
We notice that Conjecture 1 holds for Δ = 2 since λ1(n,Δ) = λ1(Pn) = 2 cos( πn+1 ) [8,
p. 145], where Pn is the path on n vertices. It is also interesting to note that Conjecture 1 should
no longer hold if the condition on Δ were dropped. To see this, we provide the following exam-
ple.
Example 2. Let G = KΔ+1 − e, where e is an edge connecting vertices u, v in the complete
graph KΔ+1. Then n = Δ+ 1 and G is non-regular with maximum degree Δ. To find λ1 for G,
we assign weight x to u and v and assign weight y to each of the rest vertices. In order for
these weights to form an eigenvector corresponding to λ1, one needs the following system of
equations:
(Δ− 1)y = λ1x,
2x + (Δ− 2)y = λ1y.
Solving the above system for λ1, we have λ21 − λ1(Δ − 2) − 2(Δ − 1) = 0 and thus Δ − λ1 =
2
Δ+2 +O( 1Δ2 ) = 2n +O( 1n2 ). So, when Δ = n− 1,
lim
n2(Δ− λ1(n,Δ)) = 2.n→∞ Δ− 1
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the behavior of the limit in Conjecture 1, if it exists, when Δ grows as a function of n.
Although we are more interested in cases when n  Δ  1, we have numerical informa-
tion about λ1-extremal graphs when n and Δ are small. Table 1 lists all known non-regular
λ1-extremal graphs with their values of n, Δ together with some other data: number of small ver-
tices and their degrees, connectivity, spectral radius, Δ− λ1, and values for (Δ− 1)/n2. (Here a
small vertex is a vertex with degree less than Δ.)
We notice that the λ1-extremal graphs in the above table have the following interesting prop-
erties:
1. There is a unique λ1-extremal graph for each pair of n, Δ in the above list.
2. Except for the two trivial cases when Δ = n − 1 or 2, each λ1-extremal graph has a unique
small vertex with degree Δ− 1 or Δ− 2 depending on the parity of nΔ.
We suspect that these phenomena may happen always. However, we prefer to not make
stronger conjectures as such at this moment due to lack of further evidence. We also notice that
the connectivity of each λ1-extremal graph in the above table equals the minimum degree of the
graph. However, we suspect that this may not be the case when n  Δ > 2. In fact, Theorem 3
suggests that the connectivity of any connected λ1-extremal graph might equal to 1 when n  Δ.
(See the graph GΔ,t in Example 1.)
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